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Abstract. We define a quasimodule Q over a bounded lattice L in an analogous way as
a module over a semiring is defined. The essential difference is that L need not be dis-
tributive. Also for quasimodules there can be introduced the concepts of inner product,
orthogonal elements, orthogonal subsets, bases and closed subquasimodules. We show that
the set of all closed subquasimodules forms a complete lattice having orthogonality as an
antitone involution. We describe important properties of closed subquasimodules. We prove
that every canonical quasimodule has a nontrivial subquasimodule having a basis and we
show that orthogonality can be introduced via the inner product. We call a subquasimod-
ule P of a quasimodule Q splitting if the sum of P and its orthogonal companion is the
whole set Q and the intersection of P and its orthogonal companion is trivial. We show that
every splitting subquasimodule is closed and that its orthogonal companion is splitting, too.
Our results are illuminated by several examples.

Keywords: quasimodule; canonical quasimodule; lattice; 0-distributive lattice; orthogo-
nal set; basis; closed subquasimodule; splitting subquasimodule
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In our previous paper [4] we investigated semimodules over commutative semir-

ings. Since every bounded distributive lattice is a commutative semiring, the natural

question arises if this study can be extended to semimodule-like structures over lat-

tices that need not be distributive. We call such structures “quasimodules” and their

treaty is the aim of the present paper.

We start with the definition of our main concept.

Definition 1. By a quasimodule over a bounded lattice L = (L,∨,∧, 0, 1) we

mean a quadruple Q = (Q,+, ·,~0) satisfying the following conditions:
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(i) (Q,+,~0) is a commutative monoid,

(ii) · : L×Q → Q,

(iii) a(b~x) = (a ∧ b)~x,

(iv) 0~x = ~0 and 1~x = ~x,

where the elements of Q, i.e., the vectors, are denoted by ~x, whereas the elements

of L, i.e., the scalars, are denoted by Roman letters.

If L is distributive, then it is a commutative semiring and semimodules over com-

mutative semirings were treated in [4]. If both L and Q are distributive lattices, then

we obtain an algebra similar to a quantale, see [5] for details. Hence, in the sequel

we will not assume distributivity of L. Recall that a quantale is an ordered triple

(S, ·,
∨

) such that (S,
∨

) is a
∨

-semilattice, (S, ·) is a semigroup, and multiplication

distributes over arbitrary joins in both coordinates, that is,

a
(

∨

M
)

=
∨

(aM) and
(

∨

M
)

a =
∨

(Ma)

for all a ∈ S and all M ⊆ S.

Definition 2. Let Q = (Q,+, ·,~0) be a quasimodule over (L,∨,∧, 0, 1) and

P ⊆ Q. Then (P,+, ·,~0) is called a subquasimodule of Q if ~x + ~y, a~x, ~0 ∈ P for all

~x, ~y ∈ P and all a ∈ L. Let L(Q) denote the set of all subquasimodules of Q and

put L(Q) := (L(Q),⊆).

Recall the following concepts.

Let L = (L,∨,∧, 0) be a lattice with 0, Mi a set for all i ∈ I and k ∈ I.

(i) L is called 0-distributive if x, y, z ∈ L and x ∧ z = y ∧ z = 0 together imply

(x ∨ y) ∧ z = 0.

(ii) pk denotes the kth projection from
∏

i∈I

Mi to Mk.

Note that the concept of a 0-distributive lattice was mentioned in [6]. That

a 0-distributive lattice need not be distributive is shown in the following example.

E x am p l e 3. The nonmodular lattice N5 = (N5,∨,∧) visualized in Figure 1 is

0-distributive.

One method how to construct quasimodules in a natural way is described in the

following lemma whose proof is straightforward.
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Figure 1. Nonmodular 0-distributive lattice N5.

Lemma 4. Let L = (L,∨,∧, 0, 1) be a bounded lattice, I a nonempty index set,

for every i ∈ I let Li be a nonempty ideal of L, put Q :=
∏

i∈I

Li and ~0 := (0, . . . , 0)

and define +: Q×Q → Q and · : L×Q → Q by

(ai; i ∈ I) + (bi; i ∈ I) := (ai ∨ bi; i ∈ I),

c(ai; i ∈ I) := (c ∧ ai; i ∈ I)

for all (a1; i ∈ I), (bi; i ∈ I) ∈ Q and all c ∈ L. Then
∏

i∈I

Li := (Q,+, ·,~0) is

a quasimodule over L.

Definition 5. We call the quasimodule
∏

i∈I

Li over L constructed in Lemma 4

the canonical quasimodule
∏

i∈I

Li over L.

It is worth noticing that such a canonical quasimodule is not a quantale provided L

is not distributive.

It is evident that L(Q) forms a complete lattice since L(Q) is closed with respect

to arbitrary intersections, see e.g. [1].

In the following, let
∨

j∈J

Pj denote the supremum of the subquasimodules Pj , j ∈ J,

of Q in L(Q).

Definition 6. Let Q = (Q,+, ·,~0) be a quasimodule and A ⊆ Q. Then 〈A〉

denotes the smallest subquasimodule of Q including A. This subquasimodule is

called the subquasimodule of Q generated by A. The set A is called a generating set

of Q if 〈A〉 = Q. A minimal generating set of Q is called a basis of Q.

It is clear that finite (sub-)quasimodules always have a basis. For certain canonical

quasimodules the next theorem describes a possibly infinite subquasimodule having

a basis.

Online first 3



Theorem 7. Let L = (L,∨,∧, 0, 1) be a bounded lattice and qi ∈ L for all i ∈ I.

Further, let Q = (Q,+, ·,~0) =
∏

i∈I

[0, qi] be a canonical quasimodule over L and let P

denote the set of all elements of Q having only finitely many nonzero components.

For any i ∈ I let ~bi denote the element of P satisfying

pj(~bi) =

{

qi if j = i,

0 otherwise

and put B := {~bi | i ∈ I}. Then P := (P,+, ·,~0) is a subquasimodule of Q and B

a basis of P.

P r o o f. That P is a subquasimodule of Q including B is easy to see. Let ~a ∈ P .

Then there exists a finite subset F of I satisfying pi(~a) = 0 for all i ∈ I \ F . Now

~a =
∑

i∈F

pi(~a)~bi showing B to be a generating set of P. Similarly, one can see that

for every k ∈ I we have

〈{~bi | i ∈ I \ {k}}〉 = {~x ∈ P | pk(~x) = 0}

and hence B is a minimal generating set, i.e., a basis of P. �

For canonical quasimodules we can introduce the concept of inner product and

orthogonality similarly as it was done for subspaces of a vector space in [3].

Definition 8. Let (Q,+, ·,~0) =
∏

i∈I

Li be a canonical quasimodule over a com-

plete lattice and A ⊆ Q. Define the inner product of (ai; i ∈ I), (bi; i ∈ I) ∈ Q by

(ai; i ∈ I)(bi; i ∈ I) :=
∨

i∈I

(ai ∧ bi)

and a binary relation ⊥ on Q, the so-called orthogonality, by

~x ⊥ ~y if and only if ~x~y = 0

(~x, ~y ∈ Q). Moreover, put

A⊥ := {~x ∈ Q | ~x ⊥ ~y for all ~y ∈ A},

especially,

~y⊥ := {~x ∈ Q | ~x ⊥ ~y}

(~y ∈ Q). The set A is called orthogonal if its elements are pairwise orthogonal, and

it is called an orthogonal basis if it is both orthogonal and a basis.
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R em a r k 9. Obviously, (ai; i ∈ I) ⊥ (bi; i ∈ I) if and only if ai ∧ bi = 0 for all

i ∈ I. Hence, orthogonality of two elements of Q can be defined also in the case

when L is not complete.

Lemma 10. Let L = (L,∨,∧, 0, 1) be a bounded lattice and qi ∈ L for all i ∈ I.

Further, let Q = (Q,+, ·,~0) =
∏

i∈I

[0, qi] be a canonical quasimodule over L and let

~x, ~y ∈ Q. If ~x~z = ~y~z for all ~z ∈ Q, then ~x = ~y.

P r o o f. If ~x~z = ~y~z for all ~z ∈ Q and if for all i ∈ I the element ~bi of Q is defined

as in Theorem 7, then pi(~x) = ~x~bi = ~y~bi = pi(~y) for all i ∈ I, that is, ~x = ~y. �

Now we prove that for a canonical quasimodule Q = (Q,+, ·,~0) over a 0-distribu-

tive bounded lattice and for a subset A of Q we have that (A⊥,+, ·,~0) is a subquasi-

module of Q.

Proposition 11. Let Q = (Q,+, ·,~0) =
∏

i∈I

Li be a canonical quasimodule over

(L,∨,∧, 0, 1), assume every Li to be 0-distributive and let A ⊆ Q. Then (A⊥,+, ·,~0)

is a subquasimodule of Q.

P r o o f. Let ~x, ~y ∈ A⊥, say ~x = (ai; i ∈ I) and ~y = (bi; i ∈ I), and ~z ∈ A, say

~z = (ci; i ∈ I). Then ai∧ci = bi∧ci = 0 for all i ∈ I. Since every Li is 0-distributive,

we conclude (ai∨bi)∧ci = 0 for all i ∈ I and hence ~x+~y = (ai∨bi; i ∈ I) ⊥ ~z. Since ~z

was an arbitrary element of A, we obtain ~x+~y ∈ A⊥. Now let a ∈ L. Since ai∧ci = 0

for all i ∈ I, we have (a ∧ ai) ∧ ci = 0 for all i ∈ I showing a~x = (a ∧ ai; i ∈ I) ⊥ ~z.

Because ~z was an arbitrary element of A, we conclude a~x ∈ A⊥. Finally, 0 ∧ ci = 0

for all i ∈ I and hence ~0 ∈ A⊥. �

That the condition that all Li should be 0-distributive cannot be omitted from

Proposition 11 is demonstrated by the following example.

0

a b c

1

Figure 2. Modular nondistributive lattice M3.

E x am p l e 12. The modular nondistributive lattice M3 = (M3,∨,∧) depicted

in Figure 2 is not 0-distributive since a ∧ c = b ∧ c = 0, but (a ∨ b) ∧ c = 1 ∧ c =
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c 6= 0. Consider the canonical quasimodule Q := M3 × [0, a] over M3 and put

P := [0, a] × [0, a]. Then P ∈ L(Q). Of course, [0, a] is 0-distributive. Now P⊥ /∈

L(Q) since (b, 0), (c, 0) ∈ P⊥, but (b, 0) + (c, 0) = (b ∨ c, 0) = (1, 0) /∈ P⊥ because

(1, 0) 6⊥ (a, 0) ∈ P . Observe that B := {(0, a), (a, 0), (b, 0)} is an orthogonal basis of

Q. First of all, B is a generating set since (1, 0) = (a, 0) + (b, 0), (x, 0) = x(1, 0) for

all x ∈ M3 and (x, a) = (x, 0)+ (0, a) for all x ∈ M3. Moreover, it is easy to see that

〈{(0, a), (a, 0)}〉 = [0, a]× [0, a] $ M3 × [0, a],

〈{(0, a), (b, 0)}〉 = [0, b]× [0, a] $ M3 × [0, a],

〈{(a, 0), (b, 0)}〉 = M3 × {0} $ M3 × [0, a].

In the following we are interested in subquasimodules closed with respect to the

operator ⊥⊥. For this purpose we define:

Definition 13. LetQ = (Q,+, ·,~0) be a canonical quasimodule. A subset A ofQ

is called closed if A⊥⊥ = A. Let LC(Q) denote the set of all closed subquasimodules

of Q and put LC(Q) := (LC(Q),⊆).

It is easy to verify assertions in the following remark, see e.g. [1].

R e m a r k 14. Let (Q,+, ·,~0) be a canonical quasimodule. Then (⊥,⊥ ) is the

Galois correspondence between (2Q,⊆) and (2Q,⊆) induced by ⊥. From this we

obtain for all A,B ⊆ Q:

(i) A ⊆ A⊥⊥,

(ii) A ⊆ B implies B⊥ ⊆ A⊥,

(iii) A⊥⊥⊥ = A⊥,

(iv) A ⊆ B⊥ if and only if B ⊆ A⊥.

In the following we list some elementary properties of orthogonality.

Lemma 15. Let (Q,+, ·,~0) be a canonical quasimodule and A,Aj ⊆ Q for all

j ∈ J with A 6= ∅. Then the following hold:

(i)
⋂

j∈J

A⊥
j =

(

⋃

j∈J

Aj

)⊥

,

(ii)
(

⋂

j∈J

Aj

)⊥⊥

⊆
⋂

j∈J

A⊥⊥
j ,

(iii) Q⊥ = {~0},

(iv) A ∩A⊥ = {~0},

(v) {~0}⊥ = Q.
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P r o o f. (i) For all ~a ∈ Q the following are equivalent:

~a ∈
⋂

j∈J

A⊥
j ,

~a ∈ A⊥
j for all j ∈ J,

~a ⊥ ~x for all j ∈ J and all ~x ∈ Aj ,

~a ⊥ ~x for all ~x ∈
⋃

j∈J

Aj ,

~a ∈

(

⋃

j∈J

Aj

)⊥

.

(ii) If k ∈ J , then we have
⋂

j∈J

Aj ⊆ Ak and hence
(

⋂

j∈J

Aj

)⊥⊥

⊆ A⊥⊥
k according

to (ii) of Remark 14, which implies
(

⋂

j∈J

Aj

)⊥⊥

⊆
⋂

j∈J

A⊥⊥
j .

(iii) follows from the fact that ~x ∈ Q and ~x ⊥ ~x together imply ~x = ~0.

(iv) follows from the same fact as (iii).

(v) is straightforward. �

If, moreover, all sublattices Li of the lattice L are considered to be 0-distributive,

then we can prove the following.

Theorem 16. Let Q = (Q,+, ·,~0) =
∏

i∈I

Li be a canonical quasimodule with

0-distributive Li, assume A ⊆ Q and B ⊆ C ⊆ Q, assume C to be orthogonal and

let Pj ∈ LC(Q) for all j ∈ J . Then the following hold:

(i) LC(Q) = {D⊥ | D ⊆ Q},

(ii) A⊥⊥ is the smallest closed subquasimodule of Q including A,

(iii)
c
∨

j∈J

Pj =
(

⋃

j∈J

Pj

)⊥⊥

, where
c
∨

j∈J

Pj denotes the supremum of the closed sub-

quasimodules Pj , j ∈ J, of Q in LC(Q),

(iv) ⊥ is an antitone involution on LC(Q),

(v) LC(Q) is a complete lattice,

(vi) A⊥ = 〈A〉⊥,

(vii) 〈C \B〉 ⊆ 〈B〉⊥.

P r o o f. (i) follows from Proposition 11 and from (iii) of Remark 14.

(ii) follows from (i) and (ii) of Remark 14 and from (i).

(iii) According to (ii),
(

⋃

j∈J

Pj

)⊥⊥

is the smallest closed subquasimodule of Q

including
⋃

j∈J

Pj and hence, also the smallest closed subquasimodule of Q including

all Pj , j ∈ J .
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(iv) follows from (ii) and (iii) of Remark 14 and from (i).

(v) follows from (i) of Lemma 15 and from (i).

(vi) Because of A ⊆ 〈A〉 and (ii) of Remark 14 we have 〈A〉⊥ ⊆ A⊥. On the

other hand, A ⊆ A⊥⊥ ∈ L(Q) according to (i) of Remark 14 and Proposition 11 and

hence, 〈A〉 ⊆ A⊥⊥, which implies A⊥ ⊆ 〈A〉⊥ by (ii) and (iii) of Remark 14.

(vii) According to the orthogonality of C, (vi) and Proposition 11 we have

C \B ⊆ B⊥ = 〈B〉⊥ ∈ L(Q)

and hence 〈C \B〉 ⊆ 〈B〉⊥. �

Lemma 17. Let Q =
∏

i∈I

Li with Li = (Li,∨,∧, 0) be a canonical quasimodule

over (L,∨,∧, 0) and Mi ⊆ Li for all i ∈ I. Then the following hold:

(i) If P ∈ L(Q), then pi(P ) ∈ L(Li) for all i ∈ I,

(ii)
∏

i∈I

Mi ∈ L(Q) if and only if Mi ∈ L(Li) for all i ∈ I.

P r o o f. (i) Let j ∈ I, a, b ∈ pj(P ) and c ∈ L. Then there exist ~x, ~y ∈ P

with pj(~x) = a and pj(~y) = b. Now we have a ∨ b = pj(~x + ~y) ∈ pj(P ) and

c ∧ a = pj(c~x) ∈ pj(P ). Moreover, 0 = pj(~0) ∈ pj(P ).

(ii) If
∏

i∈I

Mi ∈ L(Q), then Mi ∈ L(Li) for all i ∈ I according to (i). Now assume

Mi ∈ L(Li) for all i ∈ I and let ~x, ~y ∈
∏

i∈I

Mi and c ∈ L. Then pi(~x), pi(~y) ∈ Mi for

all i ∈ I. From this we obtain pi(~x) ∨ pi(~y), c ∧ pi(~x) ∈ Mi for all i ∈ I and hence,

~x + ~y = (pi(~x) ∨ pi(~y); i ∈ I) ∈
∏

i∈I

Mi and c~x = (c ∧ pi(~x); i ∈ I) ∈
∏

i∈I

Mi. Finally,

0 ∈ Mi for all i ∈ I and hence ~0 = (0; i ∈ I) ∈
∏

i∈I

Mi. �

We show that the set of all elements being orthogonal to a fixed subset of a canon-

ical quasimodule is a product of its projections.

Lemma 18. Let Q = (Q,+, ·,~0) =
∏

i∈I

Li be a canonical quasimodule and P ⊆ Q.

Then P⊥ =
∏

i∈I

(pi(P ))⊥.

P r o o f. For any ~a ∈ Q the following are equivalent:

~a ∈ P⊥,

~a ⊥ ~x for all ~x ∈ P,

pi(~a) ⊥ pi(~x) for all ~x ∈ P and all i ∈ I,

pi(~a) ⊥ y for all i ∈ I and all y ∈ pi(P ),
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pi(~a) ∈ (pi(P ))⊥ for all i ∈ I,

~a ∈
∏

i∈I

(pi(P ))⊥.
�

If all sublattices Li of the lattice L are 0-distributive, then the projections of

a closed subquasimodule of a canonical quasimodule over L are again closed sub-

quasimodules of the canonical quasimodules Li, see the following result.

Theorem 19. Let Q = (Q,+, ·,~0) =
∏

i∈I

Li be a canonical quasimodule with

0-distributive Li = (Li,∨,∧, 0) and P ⊆ Q. Then (P,+, ·,~0) is a closed subquasi-

module of Q if and only if for every i ∈ I there exists a closed subquasimodule

(Pi,∨,∧, 0) of (Li,∨,∧, 0) with
∏

i∈I

Pi = P .

P r o o f. First assume (P,+, ·,~0) to be a closed subquasimodule of Q. According

to Lemma 18 we have

P⊥ =
∏

i∈I

(pi(P ))⊥,

P⊥⊥ =
∏

i∈I

(pi(P
⊥))⊥ =

∏

i∈I

(pi(P ))⊥⊥.

Because of

P⊥⊥ = P ⊆
∏

i∈I

pi(P ) ⊆
∏

i∈I

(pi(P ))⊥⊥

according to (i) of Remark 14 we conclude

P =
∏

i∈I

pi(P ) =
∏

i∈I

(pi(P ))⊥⊥,

which together with pi(P ) ⊆ (pi(P ))⊥⊥ for all i ∈ I (again according to (i) of

Remark 14) implies pi(P ) = (pi(P ))⊥⊥ for all i ∈ I, i.e., pi(P ) is a closed subset

of Li for all i ∈ I. Because of Lemma 17 we conclude that (pi(P ),∨,∧, 0) is a closed

subquasimodule of (Li,∨,∧, 0) for all i ∈ I. If, conversely, for every i ∈ I there exists

a closed subquasimodule (Pi,∨,∧, 0) of (Li,∨,∧, 0) with
∏

i∈I

Pi = P , then

P⊥ =
∏

i∈I

(pi(P ))⊥ =
∏

i∈I

P⊥
i ,

P⊥⊥ =
∏

i∈I

(pi(P
⊥))⊥ =

∏

i∈I

P⊥⊥
i =

∏

i∈I

Pi = P,

i.e., P is a closed subset of Q and, moreover, (P,+, ·,~0) is a closed subquasimodule

of Q because of Lemma 17. �
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For the lattice of closed subquasimodules, the following result plays an essential

role.

Corollary 20. Let Q =
∏

i∈I

Li be a canonical quasimodule with 0-distributive Li.

Then LC(Q) ∼=
∏

i∈I

LC(Li).

P r o o f. From Theorem 19 we see that the mapping (Pi; i ∈ I) 7→
∏

i∈I

Pi is

a bijection from
∏

i∈I

LC(Li) to LC(Q). Since for (Pi; i ∈ I), (Qi; i ∈ I) ∈
∏

i∈I

LC(Li)

we have
∏

i∈I

Pi ⊆
∏

i∈I

Qi if and only if Pi ⊆ Qi for all i ∈ I, we conclude that this

bijection is an isomorphism from
∏

i∈I

LC(Li) to LC(Q). �

We illustrate the concepts and results investigated above in the following example.

E x am p l e 21. The lattice N5 from Example 3 can be considered as a canonical

quasimodule over N5. Since A
⊥ =

⋂

~x∈A

~x⊥ for all A ⊆ N5 and

0⊥ = {0, a, b, c, 1},

a⊥ = {0, b},

b⊥ = {0, a, c},

c⊥ = {0, b},

1⊥ = {0},

we have LC(N5) = {{0}, {0, b}, {0, a, c}, {0, a, b, c, 1}}. From this and Corollary 20

we conclude that for any positive integer n, LC(N
n
5
) is the 22n-element Boolean

algebra. Further, the canonical quasimodule Q := N5 × [0, a] over N5 has the

following subquasimodules:

P1 = {(0, 0)},

P2 = {(0, 0), (0, a)},

P3 = {(0, 0), (a, 0)},

P4 = {(0, 0), (a, a)},

P5 = {(0, 0), (b, 0)},

P6 = {(0, 0), (0, a), (a, a)},

P7 = {(0, 0), (a, 0), (a, a)},

P8 = {(0, 0), (a, 0), (c, 0)},

P9 = {(0, 0), (a, a), (c, a)},

P10 = {(0, 0), (0, a), (a, 0), (a, a)},
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P11 = {(0, 0), (0, a), (a, a), (c, a)},

P12 = {(0, 0), (0, a), (b, 0), (b, a)},

P13 = {(0, 0), (0, a), (a, 0), (a, a), (c, a)},

P14 = {(0, 0), (a, 0), (a, a), (c, 0), (c, a)},

P15 = {(0, 0), (a, 0), (b, 0), (c, 0), (1, 0)},

P16 = {(0, 0), (a, a), (b, 0), (c, a), (1, a)},

P17 = {(0, 0), (0, a), (a, 0), (a, a), (c, 0), (c, a)},

P18 = {(0, 0), (0, a), (a, a), (b, 0), (b, a), (c, a), (1, a)},

P19 = {(0, 0), (a, 0), (a, a), (b, 0), (c, 0), (c, a), (1, 0), (1, a)},

P20 = {(0, 0), (0, a), (a, 0), (a, a), (b, 0), (b, a), (c, 0), (c, a), (1, 0), (1, a)}.

Moreover, {(0, a), (1, 0)} and {(0, a), (b, 0), (c, 0)} are orthogonal bases of Q since

〈{(0, a), (1, 0)}〉 = P20,

〈{(0, a)}〉 = P2,

〈{(1, 0)}〉 = P15

for the first one and

〈{(0, a), (b, 0), (c, 0)}〉 = P20,

〈{(0, a), (b, 0)}〉 = P12,

〈{(0, a), (c, 0)}〉 = P8,

〈{(b, 0), (c, 0)}〉 = P15

for the second one. Hence, a quasimodule can have more than one basis and these

bases may be of different cardinality contrary to the case of vector spaces, see e.g. [2].

According to the description of LC(N5) above, Theorem 19 and Corollary 20, we

have LC(Q) = {P1, P2, P5, P8, P12, P15, P17, P20} and LC(Q) is the eight-element

Boolean algebra. The lattices L(Q) and LC(Q) are visualized in Figure 3 and 4,

respectively.

The mappings ⊥ and ⊥⊥ on L(Q) are described by the following tables:

P P1 P2 P3 P4 P5 P6 P7 P8 P9 P10

P⊥ P20 P15 P12 P5 P17 P5 P5 P12 P5 P5

P⊥⊥ P1 P2 P8 P17 P5 P17 P17 P8 P17 P17

P P11 P12 P13 P14 P15 P16 P17 P18 P19 P20

P⊥ P5 P8 P5 P5 P2 P1 P5 P1 P1 P1

P⊥⊥ P17 P12 P17 P17 P15 P20 P17 P20 P20 P20
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P1

P5 P2 P4 P3

P9 P6 P7 P8

P12 P11 P10

P16 P15 P13 P14

P18 P19 P17

P20

Figure 3. Lattice L(N5 × [0, a]).

P1

P5 P2 P8

P12 P15 P17

P20

Figure 4. Lattice LC(N5 × [0, a]).

Similarly, the restrictions of these mappings to LC(Q) are described in the table

below:
P P1 P2 P5 P8 P12 P15 P17 P20

P⊥ P20 P15 P17 P12 P8 P2 P5 P1

P⊥⊥ P1 P2 P5 P8 P12 P15 P17 P20
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The next result solves the problem when the mapping ⊥⊥ is a homomorphism

from L(Q) onto LC(Q).

Theorem 22. Let Q = (Q,+, ·,~0) =
∏

i∈I

Li be a canonical quasimodule with

0-distributive Li. Then the following hold:

(i) If (P ∩ R)⊥⊥ = P⊥⊥ ∩ R⊥⊥ for all P,R ∈ L(Q), then ⊥⊥ is a homomorphism

from (L(Q),∨,∩,⊥, {0}, Q) onto (LC(Q),
c
∨,∩,⊥, {0}, Q).

(ii) If
(

⋂

j∈J

Pj

)⊥⊥

=
⋂

j∈J

P⊥⊥
j for every family Pj , j ∈ J, of subquasimodules

of Q, then ⊥⊥ is a complete homomorphism from (L(Q),∨,∩,⊥, {0}, Q) onto

(LC(Q),
c
∨,∩,⊥, {0}, Q), that is,

(

∨

j∈J

Pj

)⊥⊥

=
c
∨

j∈J

P⊥⊥
j and

(

⋂

j∈J

Pj

)⊥⊥

=

⋂

j∈J

P⊥⊥
j for every family Pj , j ∈ J, of subquasimodules of Q.

P r o o f. Let P,R, Pj ∈ L(Q) for every j ∈ J .

(i) We have

(P ∨R)⊥⊥ = (P ∪R)⊥⊥ = (P⊥ ∩R⊥)⊥ = P⊥⊥
c
∨R⊥⊥,

(P ∩R)⊥⊥ = P⊥⊥ ∩R⊥⊥,

(P⊥)⊥⊥ = (P⊥⊥)⊥,

{0}⊥⊥ = {0},

Q⊥⊥ = Q.

(ii) We have

(

∨

j∈J

Pj

)⊥⊥

=

(

⋃

j∈J

Pj

)⊥⊥

=

(

⋂

j∈J

P⊥
j

)⊥

=

c
∨

j∈J

P⊥⊥
j ,

(

⋂

j∈J

Pj

)⊥⊥

=
⋂

j∈J

P⊥⊥
j ,

(P⊥)⊥⊥ = (P⊥⊥)⊥,

{0}⊥⊥ = {0},

Q⊥⊥ = Q.

�

We are interested in the case when for a subquasimodule (P,+, ·,~0) of a quasi-

module Q, P⊥ is a complement of P in the lattice L(Q). For this, we introduce the

following concept.
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Definition 23. Let Q = (Q,+, ·,~0) be a canonical quasimodule. A subset A

of Q is called splitting if A+A⊥ = Q. Here A+A⊥ means {~x+ ~y | ~x ∈ A, ~y ∈ A⊥}.

Let LS(Q) denote the set of all splitting subquasimodules of Q and put LS(Q) :=

(LS(Q),⊆).

Note that according to (iv) of Lemma 15 we have A∩A⊥ = {0} for every nonempty

subset A of Q and hence, a subquasimodule (P,+, ·,~0) of Q is splitting if and only

if both P + P⊥ = Q and P ∩ P⊥ = {0}.

E x am p l e 24. Consider the canonical quasimodule Q := N5 × {0, a} from Ex-

ample 21. Then LS(Q) = LC(Q).

However, the situation from the previous example, where splitting subquasimod-

ules coincide with the closed ones, does not hold in general. We can prove only that

every splitting subquasimodule is closed.

Theorem 25. Let Q =
∏

i∈I

Li be a canonical quasimodule. Then LS(Q) ⊆

LC(Q).

P r o o f. Assume LS(Q) 6⊆ LC(Q). Then there exists some P ∈ LS(Q) \LC(Q).

Since P is not closed, there exists some ~x ∈ P⊥⊥ \ P . Because P is splitting there

exist ~y ∈ P and ~z ∈ P⊥ with ~y + ~z = ~x. Let xi, i ∈ I, denote the components of ~x.

We use analogous notations for the components of ~y and ~z. Since ~y+~z = ~x, we have

yi ∨ zi = xi for all i ∈ I. Because ~x ∈ P⊥⊥ and ~z ∈ P⊥, we have ~x ⊥ ~z, that is,

xi ∧ zi = 0 for all i ∈ I. Together we obtain zi = (yi ∨ zi) ∧ zi = xi ∧ zi = 0 for all

i ∈ I, that is, ~z = ~0, which implies ~x = ~y + ~z = ~y ∈ P , a contradiction. This shows

LS(Q) ⊆ LC(Q). �

That the converse inclusion does not hold in general is demonstrated by the fol-

lowing example.

E x am p l e 26. Let L denote the nonmodular 0-distributive lattice depicted in

Figure 5.

Consider the canonical quasimodule Q := L × L over L. Then P := [0, b] × [0, c]

is a closed subquasimodule of Q since [0, b] and [0, c] are closed subquasimodules of

the canonical quasimodule L over L, but P is not splitting since (1, 1) /∈ P + P⊥ =

([0, b]× [0, c]) + ([0, c]× [0, b]).

In the following proposition we show that for every splitting subquasimodule

(P,+, ·,~0) of a canonical quasimodule Q with 0-distributive components, its orthog-

onal companion (P⊥,+, ·,~0) is again splitting.

14 Online first



0

a

b

c

d

1

Figure 5. Nonmodular 0-distributive lattice L.

Proposition 27. Let Q = (Q,+, ·,~0) =
∏

i∈I

Li be a canonical quasimodule with

0-distributive Li. Then the following hold:

(i) For every splitting subquasimodule (P,+, ·,~0) of Q, the subquasimodule

(P⊥,+, ·,~0) of Q is again splitting.

(ii) The mapping ⊥ is an antitone mapping from LS(Q) to LC(Q).

P r o o f. Let P ∈ LS(Q).

(i) We have P + P⊥ = Q. According to (i) of Remark 14 we conclude

P⊥ + P⊥⊥ = Q showing P⊥ ∈ PS(Q).

(ii) According to (i) of Theorem 16 we have P⊥ ∈ LC(Q). The rest of the proof

follows from (ii) of Remark 14. �

The final proposition shows that for a canonical quasimodule Q =
∏

i∈I

Li with

Li = (Li,∨,∧, 0) for all i ∈ I, a direct product of certain subsets of Li is a splitting

subquasimodule of Q if and only if its factors are splitting subquasimodules of Li.

Proposition 28. Let Q = (Q,+, ·,~0) =
∏

i∈I

Li with Li = (Li,∨,∧, 0) be a canon-

ical quasimodule and Mi ⊆ Li for all i ∈ I. Then
∏

i∈I

Mi ∈ LS(Q) if and only if

Mi ∈ LS(Li) for all i ∈ I.

P r o o f. Because of Lemma 17 we have
∏

i∈I

Mi ∈ L(Q) if and only if Mi ∈ L(Li)

for all i ∈ I. Now assume
∏

i∈I

Mi ∈ L(Q). Then, according to Lemma 18, the
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following are equivalent:

∏

i∈I

Mi ∈ LS(Q),

∏

i∈I

Mi +

(

∏

i∈I

Mi

)⊥

= Q,

∏

i∈I

Mi +
∏

i∈I

M⊥
i = Q,

∏

i∈I

(Mi ∨M⊥
i ) = Q,

Mi ∨M⊥
i = Li for all i ∈ I,

Mi ∈ Ls(Li) for all i ∈ I.

�

A c k n ow l e d g e m e n t. The authors are grateful to the anonymous referee

whose valuable remarks helped to increase the quality of the paper.
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