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Abstract. For an integer k > 2, let (F,Sk)),@,(k,z), (L%k)),@,(k,m be k-Fibonacci and
k-Lucas sequences, respectively. For these sequences the first k terms are 0,...,0,1 and

0,...,0,2,1, respectively, and each term afterwards is the sum of the preceding k terms. In
this paper, we determine all possibilities such that FT(Lk)Lg,lf) can represent a repdigit.
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1. INTRODUCTION

For an integer k£ > 2, let (F,gk)),L>_(k_2) be the k-generalized Fibonacci sequence
defined as

(1.1) FR =p® L p® 4 F® vn 2
(k

with the initial conditions ka&_z) = F_()k_g) =...=F" =0and F® = 1.

Let (L%k)),@_(k_g) be the k-generalized Lucas sequence following the same recur-

sive pattern as the k-Fibonacci sequence but with the initial conditions L(_k()k_Q) =

L(_’“gk_g) =...=L% =0, =2 and L = 1.

Recall that a positive integer is called a repdigit if it has only one distinct digit
in its decimal expansion. In particular, such number has the form a(10' — 1)/9
for some [ > 1 and 1 < a < 9. Several problems involving generalized Fibonacci
sequences or generalized Lucas sequences and repdigits have been of interest to

mathematicians. For instance, Luca [16] and Marques [17] proved that 55 and 44
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are the largest repdigits in the sequences F?) and F(®) respectively. Moreover,
Marques conjectured that there are no repdigits with at least two digits, belonging
to F(*) for k > 3. This conjecture was confirmed by Bravo and Luca in [7]. Also in
[16], Luca showed that 11 is the largest repdigit in the sequence L(?). This result was
generalized by Bravo and Luca in [8]. For more results see [1], [3], [4], 6], [9], [11],
[19], [22], [24] and references therein. In [15], Erduvan and Keskin studied repdigits
as product of two Fibonacci and two Lucas numbers. Motivated by these results,
we study the solutions of the Diophantine equation

l
(1.2) plpm _ o100 —1)
n m 9

We will prove the following results.

Theorem 1.1. All the solutions of the Diophantine equation (1.2) in positive
integers n,m,l, k, anda withO<m<n, k>2,01>2,and 1 <a <9, are

(a,k,1,m,n) € {(4,3,2,1,8),(5,2,2,1,10), (8,2,2,5,6), (8,3,2,0,8)}.

Theorem 1.2. All the solutions of the Diophantine equation (1.2) in positive
integers n,m,l, k, anda with 1 <n<m, k>2,1>2,and 1 <a <9, are

(a,k,l,m,n) € {(1,2,2,5,1),(1,2,2,5,2),(2,4,2,5,1),(2,4,2,5,2),
(27 2’ 27 5’ 3)7 (37 2’ 27 5’ 4)7 (47 47 27 5’ 3)7 (57 2’ 2’ 57 5)7 (87 47 27 574)}'

In order to prove our theorems, we use linear forms in logarithms of algebraic
numbers and the reduction method due to Dujella-Pethé. We start by introducing
necessary results and definitions which are used in the rest of the work.

2. THE TOOLS

2.1. Linear forms in logarithms. For any nonzero algebraic number 7 of de-

d .
gree d over Q, whose minimal polynomial over Z is a [] (X — nU)), we denote by
j=1

1

d
h(n) = 5 (1og la] + ) _ log max(1, |n<j>|)>

j=1

the usual absolute logarithmic height of 7. In particular, if = p/q is a rational
number with ged(p,¢q) = 1 and ¢ > 0, then h(n) = logmax{|p|,q}. The following
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properties of the function logarithmic height A(-), which will be used in the next
sections without special reference, are also known:

n) + h(v) +log2,

h(
h(n) + h(7),
slh(n), seZ,

(2.1) h(n iv) <
<

N
w
=
—~
3
[
~—
I

where 7, v are algebraic numbers. With this notation, Matveev proved the following
theorem (see [18]). Here, we use a version due to Bugeaud, Mignotte and Siksek [10],
Theorem 9.4.

Theorem 2.1. Let m1,...,ns be real algebraic numbers and let by,...,bs be
nonzero integers. Let dx be the degree of the number field Q(n,...,ns) over Q
and let A; be a positive real number satisfying

A; > max{dxh(n), [logn|,0.16} forj=1,...,s

Assume that
B > max{|b],..., |bs|}.

Ifnll’1 ...nml — 10, then

1% nbe — 1] > exp(—1.4-30°F3 . %5 . d2 (1 + log di ) (1 + log B)A; ... Ay).

2.2. The reduction algorithm. Our second tool is a version of the reduction
method of Baker and Davenport [2]. We use a slight variant of the version given by
Dujella and Peth§ [14].

Lemma 2.2. Let M be a positive integer and let A, B, i, v be given real numbers
with A > 0 and B > 1. Assume that p/q is a convergent of the continued fraction
of v such that ¢ > 6M. Let

e = |lugll — M - [|vql],

where ||-|| denotes the distance from the nearest integer. If ¢ > 0, then there is no
solution of the inequality

0<|uy—v+pul <AB™Y

in positive integers u,v and w with

log(Aqg/e)

u<M and w> log B
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2.3. Properties of k-generalized Fibonacci sequence and k-generalized
Lucas sequence. In this subsection, we recall some important facts and properties
of the k-Fibonacci and k-Lucas sequences which are used later. The characteristic
polynomial of these sequences is

Up(z)=ab —ab 1 -~z -1

The polynomial W (x) is irreducible over Q[z] and has just one root «(k) outside the
unit circle (see, for example, [20], [21] and [25]). The other roots are strictly inside
the unit circle. Furthermore, in [25], Wolfram showed that

(2.4) 2(1 -27%) < a(k) <2 forall k> 2.

To simplify the notation, in general, we omit the dependence on k of a. For s > 2, let

r—1
(2:5) L@ = i D=2

In [5], Bravo, Gémez, and Luca proved the inequalities
(2.6) 1/2 < fr(a) <3/4 and |fu(eP)] <1, 2<i<k,

where o := o, ..., a® are all the zeros of Uy (z). In addition, they proved that
the logarithmic height of f satisfies

(2.7) h(fr(a)) < 3logk for all k > 2.

With the above notation, Dresden and Du [13] showed that

k
(2.8) F®) = ka(au))a(i)”*l
i=1
and
1 (k) n-1
(2.9) lex(n)| < 2 where er(n) = F," — fr(o)a

forallm > 2—k and k > 2. Furthermore, for n > 1 and k > 2, it was shown in [7] that
(2.10) a" 2 < FR L an Tt
Note that the first k& + 1 nonzero terms in F'*) are powers of two, namely

(2.11) FP =1, FP =1, FP=2 FM=4. FY =21
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For the k-Lucas sequence, in [8] Bravo and Luca proved that

k

(2.12) L =322 = 1) fie(alP)aD""

i=1
and

I 3 / (k) n—1

(2.13) le(n)| < 2 where e} (n) = L, — 2a — 1) fy(a)a
for allm > 2 — k and k > 2. In addition, for n > 1 and k& > 2, it was proved in the
same paper that
(2.14) "t < LW < 20m,

Furthermore, note that if 2 < n < k, then LF) — 3. 9n-2

2.4. Other tools. We conclude this section by recalling the following lemmas
that we will need later.

Lemma 2.3 ([12], Lemma 2.2). Let d,x € R and 0 < d < 1. If |z| < d, then

—log(1 —d
[log(1l + z)| < %m
Lemma 2.4 ([6], Lemma 3). If n < 2F/2, then
_ 2
(2.15) P =214 1), where [G] < 7.

Lemma 2.5 ([23], Lemma 2.6). For k > 2 and n > k + 1, we have

_ 1
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3. PrROOF OF THEOREM 1.1
In this section, we prove Theorem 1.1 in four steps. Let us start with the first step.

3.1. An upper bound for ! in terms of n. We begin our analysis of (1.2) for
2<m < n < k+ 1. In this case, we have F,gk) =2""2 and Lgf) =3-2m"2 g0 the
equation (1.2) becomes

a(10! — 1)

3.1 3. ontm—4 —
(3.1) 9

For any rational number z, let v3(z) denote the 2-adic valuation of z. Since
va(a(10t —1)/9) <

(3.1), one gets 2 < m < n < 7. In this range, equation (3.1) has no solutions. So,
from now, we assume that n > k+2 > 4 and m > 2.

3, then by comparing the 2-adic valuation on both sides of

We next comment on the size of [ versus n. By inequalities (2.10), (2.14), and
10! < a(10' — 1)/9, we obtain

a(10' — 1)

10t < = F,Ek)Lgff) <a"12a™ < 2onTm L

Then, we deduce that

<

log 2 log v 2log log v log 2
sen=0(m) 1= (500) ~ (g 10)
log 10 log 10 log 10 log 10 log 10

Moreover, by using the fact that 3/2 = 2(1-272) < a < 2 for k > 2 (see (2.4)), we get

(3.2) l<n.

3.2. An inequality for n versus k. Now, we show the following lemma that
gives an upper bound for n in terms of k.

Lemma 3.1. If (a,k,l,m,n) is a solution in positive integers of equation (1.2)
with k > 2 and n > k + 2, then we have the inequality

(3.3) n < 1.9 x 103°k% log® k.

Proof. Using estimates (2.8) and (2.12), equation (1.2) can be rearranged as

10! — 1)

(34) (fr(@)a" ™" +er(n))((2a = 1) fu(@)a™ ™" + ef(m)) = a( 9
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ie.,

a [
(20— 1) f(@)a" 2 = L = — () fu(@)a™ ! — ex(n) (20— 1) fi(a)a™ !

— ex(n)ej(m) - 5.

Thus, we obtain

10! 20 — 1
(2a_1)f]3(a)an+m—2_ al0 < 3fk(a)an—1+ (2 )fk(a)am—l_’_z.

9 2 2 4
If we divide both sides by (2a — 1) f2(a)a™™™~2 and use the fact that fi(a) > 1/2
and a > 1.5, we arrive at

3 1 7 6 12
. g — 0
(3 5) |F1| 2am—1 + an—l + 2an+m—2 < o™ o™
where
(36) Fl = a . a_(TL-'r’HL—Q) . 1ol 1.

9(2a — 1) fE ()
We have I'; # 0, otherwise we would get

1
99 _ (20 - 1) fE(a)amtm2,

Conjugating the above relation by some automorphism of the Galois group of the
decomposition field of ¥(x) over Q and then taking absolute values, we get that for
any i > 2, we have

100 . al0!

9 = = (20 — D)| - | fu(aa) | - o ["T7™72 < 3,

which leads to a contradiction. Let us apply Theorem 2.1 to I'y given by (3.6). To
this end, we take as parameters

om0 = (5501 1), (n2b) = (o —(n+m—=2)),  (3,bs) := (10.0).

20 = 1) fi ()’

The algebraic numbers 7,72, 73 are elements of the number field K := Q(a) and
dx = k. Since h(n) = (loga)/k < (log2)/k and h(ns) = log 10, then we can choose

Az = log 2 = max{kh(n2), [logn2|,0.16}
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and
As := klog 10 = max{kh(ns), |log ns|,0.16}.

Next, we compute A;. Using estimate (2.7) and properties (2.2), (2.3), it follows
that for all kK > 2

a

9) + h(2a — 1) + 2h(fir(a)) < log9 +1log3 + 6logk < 12log k.

h(m) < h(

Hence, we get
Aq := 12k log k > max{kh(n1), llogm]|,0.16}.

Finally, the fact that m < n and inequality (3.2) imply that we can take B := 2n.
Therefore, according to Theorem 2.1, we have

Ty | > exp(—1.4-30%-3%5 . k(1 + log k)(1 + log 2n)(12k log k) (log 2)(k log 10))
> exp(—2.8 - 10'(1 + log k) (k* log k) (1 + log 2n)).

Using the fact 1+ log k < 2.5log k, which holds for k£ > 2, we obtain
(3.7) ITy| > exp(—=7.1-10'2k*log? k(1 + log 2n)).
Comparing the obtained bounds of |T';| gives us

(3.8) mloga < 7.2 - 1012k* log? k(1 + log 2n).

We return to equation (1.2) and we rewrite it as

100 -1
(ful)a" + ex(m) ) = “0E=D
ie.,
nor_ @0 @
So, we get
n—1 al0! a } §

Dividing by fi(a)a™ 1, we get

3 Ja 6
3.10 NL—F———<— < —,
( ) | 2| ka(Oé)Oén_l a™ a™
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where
a

" 9L® fi(a)

We can prove that I's # 0 by a similar method used to show that I'y # 0. Now, we
apply Theorem 2.1 to I's by taking

(m1,b1) == (

(3.11) Iy : U (|

m71)7 (772,52) = (av_(n— 1)), (ng,bg) = (]_O’l)

It is clear that K := Q(«) contains 771, 72, 73 and has degree dx = k. As calculated
before, we take

Ay :=log2, Asz:=klogl0, and B :=2n.

We need to compute A;. Estimates (2.7), (3.8), and properties (2.1)—(2.3) imply
that, for all k¥ > 2, we have

h(m) < h(%) 4 R(LMY 4 h(fe(a)) < log9 + log2 +mloga + 3logk
< 7.3-102k* log® k(1 + log 2n).
On the other hand, since

k) 270
S — <2 and r]l_l = 9 fila) < o 5
9L fiu () a 2

-

then, by (3.8), we get
llogmi| < mloga +log13.5 < 7.3 - 10*2k*log? k(1 + log 2n).
Thus, we conclude that
max{kh(n), [logni],0.16} < 7.3 - 10'2k° log® k(1 4 log 2n) := A;.
Applying Theorem 2.1 and comparing the resulting inequality with (3.10), we obtain
nloga < 2.21-10%%k% log3 lclog2 n,

where we have used the facts 1 + logk < 2.5logk and 1 + log2n < 2.3logn which
hold for k > 2 and n > 4. So, we deduce that

n

(3.12) <5.5-10%°k8 log® k.

log2 n
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It is easy to check that the inequality

(3.13) | x2 < A implies z < 4Alog? A holds, whenever 4 > 100.
og”w

Thus, putting A := 5.5-102°k8 log® k in inequality (3.13) and using 59.3+8log k +
3loglog k < 92log k, which holds for all k¥ > 2, we obtain

n < 4(5.5 - 10 k8 log® k) (log(5.5 - 10%°k% log® k))?
< (2.21-10%Kk8 log® k)(59.3 + 8log k + 3loglog k)?
< 1.9-10°k8 log® k.

This gives (3.3) and completes the proof of Lemma 3.1. O

3.3. The case 2 < k < 440. For this subsection, we consider k € [2,440]. Put
(3.14) Ay :=log(T; +1) =1log10 — (n +m — 2)log a + log(a/(9(2a — 1) fZ())).

Suppose that m > 10, so by estimate (3.5) and the fact that o > 1.5, we have
IT'y] < 0.21. Taking d = 0.21 in Lemma 2.3, we obtain

—1og0.79 —m
So, we get
log1 1 200 — 1) f2
(3.16) g 0810 gy loe(@/OCa = DI(aD)) _gg g o
log o log o

For all a € {1,...,9}, we apply Lemma 2.2 to A; with the parameters

= 1100%?2?, = log(a/(9(21§g;1)f%(a))), and (A4, B):=(33.3,q).

For each k € [2,440] and a € {1,...,9}, we find a good approximation of v and
a convergent p;/q; of the continued fraction of 4 such that ¢; > 6M}, and € = e(k) =
| i2q|| — My ||vql| > 0, where My, := |1.9 x 10%°k® log® k|, which is an upper bound of /
from Lemma 3.1. Using Mathematica, we see that gi2; satisfies the assumptions of
Lemma 2.2. After doing this, we apply Lemma 2.2 to inequality (3.16). A computer
program with Mathematica shows for k = 417 and a = 7 that € > 0.000 064 and the
maximum value of log(Ag/¢e)/log B, for k € [2,440] and a € {1,...,9}, is 204.861,
which is an upper bound of m by Lemma 2.2.
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For 2 < m < 205, we consider
(3.17) Ay :==1log(Ty + 1) = 11log 10 — (n — 1) log o + log(a/ (9L f1.())).

Suppose that n > 10, so by estimate (3.10) and the fact that @ > 1.5, we have
T3] < 0.11. Taking d = 0.11 in Lemma 2.3, we obtain

—log 0.89 _
A — | A-a".
A2l < —g7— P2l <64 -a
So, we get
log 1 1 L
(3.18) g loel0 gy Loela/OLm @) 5g. n,
log log

For all a € {1,...,9} and 2 < m < 204, we apply Lemma 2.2 to Ay by fixing

log 1 1 Ly
. log 0’ _ og(a/(9 flc(Oé)))7 and (4, B) := (15.8,a).
log a log a

Again, for each (k,m) € [2,440] x [2,204] and a € {1,...,9}, we find a good ap-
proximation of v and a convergent p;/q; of the continued fraction of v such that
q > 6My and € = (k) = ||ug|| — My||vq| > 0, where Mj, := [1.9 x 10%°k% log® k|,
which is an upper bound of [ from Lemma 3.1. With the help of Mathematica, we see
again that g1 satisfies the assumptions of Lemma 2.2. After doing this, we apply
Lemma 2.2 to inequality (3.18). A computer program with Mathematica revealed for
k=417, a = 7 and for all 2 < m < 204 that € > 0.000064 and the maximum value of
log(Aq/e)/log B, for (k,m) € [2,440] x [2,204] and a € {1,...,9}, is 203.786, which
is an upper bound of n by Lemma 2.2.

Hence, we deduce that the possible solutions (a, k,l,m,n) of equation (1.2), for
which k € [2,440] and a € {1,...,9}, satisfy m < n < 203. Therefore, we use
inequality (3.2) to obtain [ < 202.

Finally, we use Mathematica to compare FMLP and a(10' — 1)/9, for the ranges
E+2<n<203, m<n,1<a<9and 2 <! <202 with [ < n, and check that the
only solutions of equation (1.2) are those listed in Theorem 1.1.

3.4. The case k > 440. In this subsection, we analyze the case k > 440. For
such k, it is easy to check that

m<n<1.9-10%k% log® k < 2#/2.
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Thus, by Lemmas 2.4 and 2.5, F,gk)and Lg,]f) can be rewritten as

e 2
(319) Fflk) =2 2(1 —|—<1), where |<1| < W
and

e 1
(3.20) LW =3.9m72(1 4 (), where |(5] < oYYk

respectively. Substituting (3.19) and (3.20) in (1.2), we obtain

a(10' — 1)

32" 14 )1+ () = 9

Hence, we get

’3 Lgrmed algol‘ <L 227;:%4 + & 27;7”74 +1.
Consequently, the above inequality and the fact that n > 4 give
(3.21) 1- % 10 - 2—<"+m+4)‘ < Qk% + 2% +3 .12m < 2min‘:’,'32,m}.
Put
Iy = 2% cg—(nFm=4) gl _q,

We have I's # 0, because if I's = 0 we get a - 10" = 27 - 2"T™~4, This implies that 5
divides 27 - 2"*™~4 which is impossible. Now, we put

(b1) = (571)s (mibe) i= (2 =(n+m—4)), (na,ba) := (10,0).
Then, we obtain
h(m) =1log27, h(n2) =log2, and h(ns)=loglO.
Note that n1,7m2,173 € K := Q. Thus dx = 1. So, we take
Ay :=1og27, Ay:=log2, Asz:=logl0, and B :=2n.
Thus, applying Theorem 2.1, we get
IT'3| > exp(—1.74 - 10" log n),
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where we have used the fact that 1+ log2n < 2.3logn for all n > 4. By comparing
the resulting inequality with (3.21), we obtain

min{k/2,m} < 2.52-10"?logn.

By Lemma 3.1 and using the fact that 69.72 + 8logk + 5loglogk < 21logk for
k > 440, we get

min{k/2,m} < 2.52- 10" log(1.9 - 10%°k%log® k)
< 2.52-10"(69.72 + 8log k + 5loglog k)
<5.3-10%logk.

If min{k/2,m} = k/2, then we get k < 1.1-10'"logk. Solving this inequality and
using Lemma 3.1 we conclude that

(3.22) k<4-10" and n<7.5-10'%2
If min{k/2,m} = m, we obtain in this case that
(3.23) m < 5.3-10%log k.

Now, we go back to (3.9) and we rewrite it as

al0! —a
2n—2 _ _ _ 271—24-1.
YA Y A

Thus, we obtain

np  al0| _2n!
2 oL | < 7 +1

Dividing by 2”2 and using the fact that n > k + 2, we get

1 2 1 2 3
where

% o-(m-2) gl _
(3.25) Iy = i 2 100 — 1.

Note that I'y # 0, since otherwise we would get alOl/(QLgrlf)) =2"2 Ifae{l,...,8}
then it is obvious that the left side cannot be an integer. If a = 9, then we have
lOl/L%f) =2"~2 or in this case m < k/2 implies that m < k and so L%) =3.2m2
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Then we would get 10'/(3-2™~2) = 2"~2 and this leads to a contradiction. There-
fore, I'y # 0. Now, we apply Theorem 2.1 by fixing
a
(mb1) = (=g701)s Omibe) = (2 =(n—=2)),  (ms,bs) := (10,0).
9L

m

As calculated before, we take Ay :=log2 and As := log 10. We take B := n. Next,
we estimate h(n;). By the fact that LY < 2am and inequality (3.23), we obtain

h(m) < h(%) + (LMY < log9 +log2 + mloga < 3.7 - 1013 log k.
So, we choose A; := 3.7 - 10'3 log k. Therefore, Theorem 2.1 gives
(3.26) IT4| > exp(—1.53 - 10%° log k logn),

where we used the fact that 1+1logn < 1.8logn, which holds for n > 4. From (3.24)
and (3.26), it results in
k < 4.42-10%° log klogn.

By Lemma 3.1 and using the fact that 69.72 + 8logk + 5loglog k < 21log k for all
k > 440, we get

k < 4.42-10% log k(log(1.9 - 10°°k% log® k))
< 4.42 - 105 1og k(69.72 + 8log k 4 5loglog k)
<9.3-10%°log® k.

Solving this inequality and using Lemma 3.1, we obtain
(3.27) kE<464-10%° and n<7.2-10%%,

Comparing (3.22) and (3.27), we conclude that inequalities (3.27) always hold. The
obtained bounds are very large, next we will reduce them. Put

(3.28) Az i=log(T3 + 1) = llog 10 — (n +m — 4)log 2 + log<%).

Assume that m > 10, then we get |T's| < 0.02. Taking d = 0.02 in Lemma 2.3, we
obtain

—log 0.98 o
A =Rtk o G . 9~ min{k/2,m}
sl < =gz Ml =<
So, we deduce that
log 10 log(a/27) .
2 l- — gy 4 oela/2l) . 9 min{k/2,m}
(3.29) Tog 2 (n+m —4)+ o 2 <9
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For a € {1,...,9}, we apply Lemma 2.2 to A3 with the data

log 10 log(a/27)
= =" d (A,B):=(9,2).
log2’ H log2 ’ and (4, B) :=(9,2)

We now want to reduce our bound, which is too large, by using Lemma 2.2. We
take M := 7.2 -10%**  which is an upper bound on [ by (3.2) and (3.27). Then, we
apply Lemma 2.2 to inequality (3.29) in order to obtain an upper bound on k. A com-
puter search with Maple shows that ¢575 satisfies the assumptions of Lemma 2.2, for
all a € {1,...,9}. Thus, the application of Lemma 2.2 yields to the different results
presented in the following table.

a 1 2 3 4 ) 6 7 8 9
e= 0.37 037 0.25 037 037 0.25 034 0.37 0.13
min{k/2,m} < 956 956 956 956 956 956 956 956 957

According to the obtained results, we find that min{k/2, m} < 958 which holds in
all cases.
Case 1: min{k/2,m} = k/2. In this case, we get

(3.30) k < 1916.

Case 2: min{k/2,m} = m. In this case, we obtain that m < 957. Let 2 < m < 957
and
Ay :=1log(Ty +1) =1log10 — (n —2)log2 + 1og<%).
9L,

Since k > 440, then from (3.24), we have |T'4| < 0.01. Hence by Lemma 2.3, we
obtain

1og(0.99
(3.31) Ay < = 108099 Lp g9 gk,
0.01
So, we get
log 10 log(a/(9Lin)) k2
.32 . —(n—2 _ 4.4-2 .
(3:32) log 2 (n=2)+ log 2 <

For all a € {1,...,9} and 2 < m < 957, we apply Lemma 2.2 to Ay with the
parameters

- log 10 o log(a/(ng:)))

g2 M og 2 . M :=72-10% and (A, B):=(4.4,2).
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Note that m < k/2. This implies that m < k, which holds for k£ > 2 and we can
replace Ls,]f) by 3-2™~2 in our calculations. Using again Maple, one can see that gs7s
satisfies the assumptions of Lemma 2.2 for all @ € {1,...,9} and 2 < m < 957.
Thus, applying Lemma 2.2 gives us the following different results which hold for all

2<m < 957.

a 1 2 3 4 5 6 7 8 9
e> 037 037 025 037 037 025 034 0.37 0.13
k/2< 955 955 955 955 955 955 955 955 956

From the obtained results, we observe that in all cases k < 1913. So, in both cases,
we have k£ < 1916.

With this new bound, we get n < 9-10°°. Again, we apply Lemma 2.2 with the
same above data but this time we take M := 9 - 10°°. With the help of Maple we
see that g13; satisfies the assumptions of Lemma 2.2 for all @ € {1,...,9}. By this
application, we obtain the following results.

a 1 2 3 4 ) 6 7 8 9
P 0.056 0.05 0.37 0.05 0.05 0.37 0.34 0.05 0.32
min{k/2,m} < 217 217 214 217 217 214 214 217 214

After this, we can see that min{k/2,m} < 218 which holds in all cases.

As we have done above, we obtain for the first case that & < 436 and for the
second case, we use again ¢13; which fulfills the assumptions of Lemma 2.2 for all
a€{1,...,9} and 2 < m < 217. Then, we obtain the following results which hold
for all 2 < m < 217 and give us that k£ < 433 in all cases.

a 1 2 3 4 5 6 7 8 9
e> 005 0.06 037 0.06 0.05 0.37 034 0.05 0.32
k/2< 216 216 213 216 216 213 213 216 213

Thus, for both cases it holds that k < 436, which contradicts our assumption that
k > 440. This completes the proof of Theorem 1.1. O
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4. PROOF OF THEOREM 1.2

This section is devoted to proving Theorem 1.2. This proof is similar to that of
Theorem 1.1. For the sake of completeness, we give most of the details.

4.1. An upper bound for ! in terms of m. We begin our analysis of (1.2)
for 2 < n < m < k. In this case, we have F,gk) = 272 and L,(ﬁ) =3-2""2 5o

equation (1.2) turns to

a(10' — 1)

4.1 3.min—d =
(4.1) 5

For any rational number z, let v3(z) denote the 2-adic valuation of z. Since
va(a(10' —1)/9)

< 3, then by comparing the 2-adic valuations on both sides of
(4.1) one gets 2 < n < m < 7. In this range, equation (4.1) has no solutions. So,

from now, we assume that m > k + 1.
Now, by inequalities (2.10), (2.14), and 10" — 1 < a(10' — 1)/9, we obtain

(4.2) I <m.

4.2. An inequality for m versus k. Here, we give an inequality for m in terms
of k£ by showing the following lemma.

Lemma 4.1. If (a,k,l,n,m) is a solution of equation (1.2) in positive integers
with k > 2 and m > k + 1, then we have the inequality

(4.3) m < 2.6 x 10%°k% log® k.

Proof. Using estimates (2.8) and (2.12), equation (1.2) can be rewritten as

l_
(L) (al@)a™ + elm)(2a— V@)™ + e (m) =a(*5 ),
a l
(204 - 1)f]§(a)am+n72 - 170 = — 6;(m)fk(a)a”*1 — ek-('fl)(QOé _ l)f}g(()é)()ém71
— ej(m)ex(n) — g.

Thus, by taking the absolute value and dividing both sides by (2a—1) fZ(a)a™ ™2,
we obtain

1 12
(4.5) ITh| < 3 7 b

S gam1 T gt T ggurmz < gn < gm0
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where

(4.6) I =g a (M=) gl

(20 = 1) fi ()

As seen previously, we have I} =Ty # 0. To apply Theorem 2.1 to I'}, we take

(n1,b1) = (m 1), (M2, b2) := (@, —(n+m —2)),  (13,b3) := (10,1).

The algebraic numbers 77, 72, 73 are elements of the number field K := Q(«) and
dkx = k. So, as in the previous section, we take

Ay :=12klogk, As:=log2, As:=klogl0, and B :=2m.

Now, we apply Theorem 2.1 to I} and compare the resulting inequality with (4.5)
to obtain

(4.7) nloga < 7.2 -10%2k*log? k(1 + log 2m).

We return to equation (1.2) and rewrite it as

. _ a(10t — 1
FO((20— 1) fyle)a™ ™+ m)) = 2081
ie.,
alo! —a
(4.8) (20— 1) fr(@)a™ t — —~ = —— —e}.(m).
oF® gr® *
So, we get
al0! a 3 5
20 — 1 (s I P S
(2a = 1) fr(a)a or® | < 5p® +5<3

Dividing by (2a — 1) fx(a)a™ 1, we get

5 da 5
4.9 I < < < —,
(4.9) IT| 22a — 1) fg(a)am™=1t = 2am ™
where
(4.10) I} = ‘ cam(m=1 10t — 1,

9(2a — V)P fi()
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We have T, # 0. Now, we apply Theorem 2.1 to I'; by fixing

(m.01) = ( 1), (2b2) = (o, —(m = 1)), (33,bs) := (10,0).

a
920 — D)E fi()

It is obvious that K := Q(«) contains 71,172,713 and dx = k. As calculated before,
we take
Ay :=log2, As:=klogl0, and B :=2m.

We need to compute A;. Estimates (2.7), (4.7), and the properties (2.1)—(2.3) imply
that

h(m) < h(5) +h(2a = 1)+ h(FP) + h(fi(a))
< log9+1log3+ (n—1)loga +logk

< 7.3-102k*log? k(1 + log 2m)
for k > 2. On the other hand, since

9(20 — 1) P 81la(*—1)
771 = a (k) < 1 and 771_1 _ ( «@ ) fk(a) < « ,
92c — 1) Fy fr(«) a 4

then, by (4.7), we get
llogmi| < (n —1)loga +log20.3 < 7.3 - 10"2k* log® k(1 + log 2m).
Thus, we conclude that
max{kh(nm1), [logm],0.16} < 7.3 - 10"2k% log® k(1 + log 2m) := A;.
Applying Theorem 2.1 and comparing the resulting inequality with (4.9) give
mloga < 2.9 - 10%k% log® klog® m,

where we used the facts 1 + logk < 2.5logk and 1 + log 2m < 2.6logm, which hold
for k > 2 and m > 3. So, we obtain

(4.11) <72 x 1%k log” .
log®m

We use (3.13) by putting A := 7.2 x 102°k8log® k and the fact that 59.6 + 8log k +
3loglog k < 93log k, which holds for all k£ > 2, to obtain

m < 4(7.2 x 10%k8 log® k) (log(7.2 x 10°k3 log® k))?
< (3 x 10%k8log® k)(59.6 + 8log k + 3loglog k)2
< 2.6 x 103°k% log® k.

This gives (4.3) and completes the proof of Lemma 4.1. O
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4.3. The case 2 < k < 430. For this subsection, we consider k € [2,430]. Put

(12) A= log(l} + 1) = Llog 10 = (n + m — 2)loga + log (55— ).
k

Suppose that n > 10, so by estimate (4.5) and the fact that a > 1.5, we have
[T} | < 0.21. Taking d = 0.21 in Lemma 2.3, we obtain

—10g 0.79 _

! _ oMY, !/ . n

(4.13) Al < 0.91 T} < 13.5-a™".

So, we get
log 1 1 200 — 1) f2

(4.14) g 10810 L gy 4 108/ OCa = D) gg g on
log o log o

For a € {1,...,9} and k € [2,430], we apply Lemma 2.2 to Aj. For this application,

we put

_log10 _log(a/(9(20 = 1) f2(@)))
T Togar BT oga

, and (A4,B):=(33.3,q).

For each k € [2,430] and a € {1,...,9}, we find a good approximation of v and
a convergent p;/q; of the continued fraction of v such that ¢; > 6Mj and € = (k) =
gl — My||vql| > 0, where My, := 2.6 x 10393 log® k|, which is an upper bound of I
from Lemma 4.1. After doing this, we apply Lemma 2.2 to inequality (4.14). Using
Mathematica, we find that g7 fulfills the assumptions of Lemma 2.2. A computer
program with Mathematica reveals for £k = 402 and a = 7 that € > 0.0011 and the
maximum value of log(Aq/e)/log B, for k € [2,430] and a € {1,...,9}, is 200.757.
This is an upper bound of n by Lemma 2.2.
For 2 < n < 201, we consider

a
(4.15) AL :=log(Th +1) =1log10 — (m — 1) loga + log( )
’ ’ 920 — 1) fi ()

Suppose that m > 10, then by estimate (4.9) and the fact that a > 1.5, we have
IT%| < 0.09. Taking d = 0.09 in Lemma 2.3, we obtain

—1og 0.91 .
So, we get
log 1 1 20 — 1) F)
(4.16) g o810y los(@/O0Qa = DEw fela)) | gy \-m.
log log a
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Fora € {1,...,9} and (k,n) € [2,430] x [2,200], we apply Lemma 2.2 to A}, by taking

~_log10 _ log(a/(9(2ac — 1)F7(Lk)fk(oz)))

= : = (13.1 .
g’ og o , and (A,B) (13.1, )

Again, for each (k,n) € [2,430] x [2,200] and a € {1,...,9}, we find a good approxi-
mation of v and a convergent p;/q; of the continued fraction of v such that ¢; > 6}
and ¢ = (k) = ||ug|| — My||vq|| > 0, where M), := [2.6 x 10°°k®log® k|, which is
an upper bound of [ from Lemma 4.1. After doing this, we apply Lemma 2.2 to
inequality (4.16). Using Mathematica again, we see that ¢jo3 confirms the assump-
tions of Lemma 2.2. A computer program with Mathematica proves, for k = 427,
a =1 and n = 58, that ¢ > 0.000019 and the maximum value of log(Ag/¢e)/log B,
for (k,n) € [2,430] x [2,200] and a € {1,...,9}, is 208.792. This is also an upper
bound of m by Lemma 2.2.

Hence, we deduce that the possible solutions (a, k,l,m,n) of equation (1.2), for
which k € [2,430] and a € {1,...,9}, satisfy n < m < 208. Therefore, we use
inequality (3.2) to obtain [ < 207.

Finally, we use Mathematica to compare F\") L{¥) and a(10' — 1)/9 for the ranges
E+1<m<208, n<mac{l,...,9 and 2 < < 207, with I < m, and check
that the only solutions of equation (1.2) are those given in Theorem 1.2.

4.4. The case k > 430. For k > 430, it is easy to check that
n<m < 2.6-10%°k%log® k < 27/,

Thus, by Lemmas 2.4 and 2.5, F,(Lk)and Lgf) can be rewritten as

_ 2
(4.17) FF) = 9on=2(1 4 ¢), where (1] < 573
and

_ 1
(4.18) L) =3.9m72(1 4 ¢y), where |G < CTIEL

respectively. Substituting (4.17) and (4.18) in (1.2) and using the fact that m > 3,
we obtain

5.5
/ e
(419) |F3‘ < 2min{k:/2,n}’
where
Iy = —;7 cgm(mm=d) gl _q,
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One can check that I'; # 0. Thus, we apply Theorem 2.1 by taking

O01) = (55 1)s (msbe) i= (2 =(n+m = 4)), (ns,bg) := (10,0).

We put dx =1, A :=log 27, Ay :=log2, A3 :=log 10, and B := 2m. Thus, applying
Theorem 2.1 and comparing the resulting inequality with (4.19), we obtain

min{k/2,n} < 3-10'%logm.

By Lemma 4.1 and using the fact that 70.1 + 8logk + 5loglogk < 21logk for all
k > 430, we get
min{k/2,n} < 6.3-10"3log k.

If min{k/2,n} = k/2, then we get k < 1.3 - 10'*logk. Solving this inequality and
using Lemma 4.1, we conclude that

(4.20) k<4.7-10" and m < 3.8-10'3.
If min{k/2,n} = n, then we obtain
(4.21) n < 6.3-10" logk.

Now, we go back to (4.8) and we rewrite it as

al0! —a

. m—2 e —
52 9P gpk)

3.2m72¢,.

Taking the absolute value and dividing by 3 - 22, we use the fact that m > k+1
to get

1 1 1 1 2
(4.22) IMES + < + < ,
3.92m—2 2k/2 3.92k-2 2k/2 2k/2
where
a
(4.23) I = ——-27m2 90" - 1.
1 orE

As above, we show that I} # 0, since if not, we would obtain alOl/(27F,(lk)) =2m=2
or in this case F\") = 2"=2 and so we would obtain al0!/(27-27=2) = 2m~2, This

is impossible. Now, we apply Theorem 2.1 by fixing
a
(771751) = <27_F(k)71), (7727b2) = (2,7(77172)), (773,1?3) = (107l)
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As calculated before, we take Ay := log2, A3 := log10, and B := m. Next, we

estimate h(n;). As F{¥ < am=1 and using inequality (4.21), we obtain

h(m) < h(

a

27

) + R(E®) < 1og27 + (n — 1) loga < 4.4 - 10'3 log k.

So, we choose A; := 4.4 - 10" log k. Therefore, Theorem 2.1 gives

(4.24)

where we used the fact that 1 + logm < 2logm, which holds for all m

IT| > exp(—2.1-10* log klogm),

From (4.22) and (4.24), we deduce that

k < 6.1-10% logklogm.

3.

By Lemma 4.1 and using the fact that 70.1 + 8logk + 5loglogk < 21logk for all
k > 430, we get

k < 6.1-10% log k(log(2.6 - 103°k% log” k))
< 6.1-10*°log k(70.1 + 8log k + 5loglog k)
<1.3-10%"log? k.

Solving this inequality and using Lemma 4.1, we obtain

(4.25)

k < 6.55-10%

and m < 1.6-102%6.

From (4.20) and (4.25), we conclude that inequalities (4.25) always hold. The ob-
tained bounds are very large, next we will reduce them. Put

(4.26)

AL == log(Th + 1) = llog 10 — (n + m — 4) 1og2+1og(i).

27

Assume that n > 10, we get then |I'4| < 0.02. Taking d = 0.02 in Lemma 2.3, we

obtain

So, we get

(4.27)

—1og0.98
A _—
sl < =002
log 10
l- — —4
log 2 (n+m—4)+

log(a/27)
log 2

T < 6- 9— min{k/2,n}

<9.9” min{k/27n}.

For a € {1,...,9}, we apply Lemma 2.2 to Aj with the data

Online first

V=

_ log10

log2’

- log(a/27)

log 2

3

and

(A, B) = (9,2).
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We now want to reduce our bound of k, which is too large, by using Lemma 2.2. We
take M := 1.6 - 10?86, which is an upper bound of by (4.2) and (4.25). After that,
we apply Lemma 2.2 to (4.27) in order to obtain an upper bound of k. A computer
search with Maple shows that ¢sgo satisfies the assumptions of Lemma 2.2 for all
a € {1,...,9}. Thus, the application of Lemma 2.2 leads to the different results
presented in the following table.

a 1 2 3 4 5 6 7 8 9
€= 0.45 045 0.03 045 045 0.03 044 0.45 048
min{k/2,n} < 961 961 965 961 961 965 961 961 961

According to the above results, we see that min{k/2,n} < 966 across all cases.
Case 1: min{k/2,n} = k/2. In this case, we get

(4.28) k< 1932,
Case 2: min{k/2,n} = n. In this case, we obtain n < 965. For 2 < n < 965, let
r_ / _ a
Ay :=1log(Ty +1) =1llog10 — (m —2) 10g2—|—10g<(k)>.
27TF,

Since k > 430, then from (4.22), we have |[I'}| < 0.01. Hence by Lemma 2.3, we obtain

log (0.
(4.29) Ay < — 108099 [ \p 909 gtr2,
0.01
So, we get
log 10 log(a/(27FMY) /2
4, : —(m—2) 4 =2 ) L927k/2,
(4.30) l os? (m—2) + og 2 <3

Again, for a € {1,...,9} and 2 < n < 965, we apply Lemma 2.2 to A} with the

parameters

_log10 . loa(a/QTR))

oga® M og 2 , M:=16-10%% and (A,B):=(3,2).

Note that n < k/2. This implies that n < k + 1, which holds for £ > 2 and we can
replace F,Ebk) by 2772 in our calculations. We use again Maple to see that gsg satisfies
the assumptions of Lemma 2.2 for all a € {1,...,9} and 2 < n < 965. Hence, apply-
ing Lemma 2.2 leads us to the following varied results which hold for all 2 < n < 965.
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a 1 2 3 4 5 6 7 8 9
e> 045 045 0.03 045 045 0.03 0.44 045 0.48
k/2< 959 959 963 959 959 963 959 959 959

The obtained results reveal across all instances that & < 1926. As a result, in both
cases, we have k£ < 1932.

With this new bound, we get m < 1.25-10°. So, we apply again Lemma 2.2 with
the same above data but this time we take M := 1.25-105!. With the help of Maple,
we see that 40 satisfies the assumptions of Lemma 2.2 for all a € {1,...,9}. In
the context of this application which yields different results presented in the table
below, we find that min{k/2,n} < 235.

a 1 2 3 4 5 6 7 8 9
€= 0.33 033 046 033 033 046 024 0.33 0.23
min{k/2,n} < 233 233 233 233 233 233 233 233 234

For the first case, we obtain that & < 470 and for the second case we use again g4,
which satisfies the assumptions of Lemma 2.2 for all @ € {1,...,9} and 2 < n < 234,
to obtain the following results which hold for all 2 < n < 234 and reveals that
k < 464.

a 1 2 3 4 5 6 7 8 9
e> 033 033 046 0.33 033 0.46 024 0.33 0.23
k/2< 231 231 231 231 231 231 232 231 232

So, in both cases we have k < 470. With this new bound, we get m < 5.5-10%°. So, we
apply again Lemma 2.2 to the same above data but this time we take M := 5.5-10°°.
In this case, ¢125 satisfies the assumptions of Lemma 2.2 for all a € {1,...,9}. The
third application of Lemma 2.2 leads to the following results from which we observe
that min{k/2,n} < 209, which holds in all cases.

a 1 2 3 4 5 6 7 8 9
€= 0.27 0.27 0.18 0.27 0.27 0.18 0.24 0.27 0.09
min{k/2,n} < 207 207 207 207 207 207 207 207 208

The first case gives us that k£ < 418 and for the second case we use again g128 which
satisfies the assumptions of Lemma 2.2 for all @ € {1,...,9} and 2 < n < 208. This
application yields the following results which hold for all 2 < n < 208 and tells us
that k£ < 415.
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a 1 2 3 4 5 6 7 8 9
e> 027 027 018 0.27 0.27 0.18 0.24 0.27 0.09
k/2< 205 205 206 205 205 206 205 205 207

Consequently, we deduce that in both cases we have k < 418, which contradicts our
assumption that k > 430. This completes the proof of Theorem 1.2. O
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