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Abstract. Equiintegrability in a compact interval E may be defined as a uniform integra-
bility property that involves both the integrand fy, and the corresponding primitive Fy,. The
pointwise convergence of the integrands f, to some f and the equiintegrability of the func-
tions fn, together imply that f is also integrable with primitive F' and that the primitives Fy,
converge uniformly to F. In this paper, another uniform integrability property called uni-
form double Lusin condition introduced in the papers E. Cabral and P.Y. Lee (2001,/2002)
is revisited. Under the assumption of pointwise convergence of the integrands fy, the
three uniform integrability properties, namely equiintegrability and the two versions of the
uniform double Lusin condition, are all equivalent. The first version of the double Lusin con-
dition and its corresponding uniform double Lusin convergence theorem are also extended
into the division space.
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1. INTRODUCTION

It is now known that a function f on a closed and bounded interval E in R"™ is
Kurzweil-Henstock integrable with primitive F' if and only if f and F satisfy the
following: for every € > 0 there exists a gauge § on E such that

(D)) If @)l <e and (D)) |F(I)<e

The research has been supported by the Department of Science and Technology, Science
Education Institute of Republic of the Philippines.

DOI: 10.21136/MB.2016.13 153


http://dx.doi.org/10.21136/MB.2016.13

whenever D is a J-fine partial division of E in I'., where
I'.={(z-I): ICE, zisavertexof I and |F(I)— f(x)/I|| > ||}

This condition was introduced in [3] and called the double Lusin condition in [4].
A sequence {f,} of Kurzweil-Henstock integrable functions with the corresponding
primitives {F},} is said to satisfy the uniform double Lusin condition or simply Ul
if given € > 0 there is a common gauge § for all f,, such that

Z|fn M| <e and Z|F ) <e

whenever D is a d-fine partial division of E in I, ;,, where
I.p={(x-I): ICE, zisavertex of I and |F,(I) — fn(x)|I|| > ||}

It was shown in [3] that if the functions f,, satisfy the Ul; condition and f,, — f
pointwise everywhere then f is Kurzweil-Henstock integrable and

/ f=tim [ fa

The proof of this convergence theorem makes use of the fact that Ul; implies equi-
integrability of the functions f,. In this paper this convergence theorem is proved
by looking at the behavior of I'c,, as n approaches infinity and by comparing it
with I'.. Furthermore, supposing the functions f,, are integrable with primitives F;,
and f, — f pointwise everywhere then the following will be shown to be equivalent:
(i) the functions f,, satisfy the UI; condition;
(ii) the functions f, satisfy the Uly condition, that is, for every ¢ > 0 there exists
a gauge 0 on F such that for all n

(D)) I <e and (D)) |F.(I)| <e

whenever D is a d-fine partial division of E in I, ,;
(iii) the functions f,, are equiintegrable, that is, for every € > 0 there exists a gauge §
on F such that for all n

D)) |fal@)lI| = Fu(D)| < e

whenever D is a J-fine partial division of E.
An axiomatic approach to the Kurzweil-Henstock integral can be found in [5].
This general theory is called the division space. In the division space we have de-
fined an integral called the g-integral, which includes the Kurzweil-Henstock integral,
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the McShane integral, and the approximate Perron integral. The double Lusin char-
acterization of the g-integral and the corresponding convergence theorem will also
be given.

2. THE KURZWEIL-HENSTOCK INTEGRAL IN R"”

n
Let E be a compact interval in R™ described by E = [] [aj, b;], where [a;, b;],

Jj=1
j=1,2,...,n,is a compact interval in R. From this point onwards, E will always

refer to an interval while I will denote any subinterval of E in general. It is also
useful to denote F = [a,b], where a = (a1,aq,...,a,) and b = (b1, ba,...,b,). The
measure of E is its outer Lebesgue measure |E| given by |E| = [[ (b; — a;). In

j=1
general, the measure of any interval I is equal to its outer Lebesgue measure |I].

In our discussion, R™ will be equipped with the norm ||-|| defined by

for x = (x1,x2,...,2,) in R™. Given x € R™ and r > 0 we set
B(z,r)={y e R": ||z —y|| <r},

where z —y = (X1 — Y1, %2 — Y2, -+, Tn, — Yn)-

A partial division D = {(x,I)} of E is any finite set of point-interval pairs with z
a vertex of the corresponding subinterval I C E and with the interiors of the subin-
tervals I disjoint. If for some partial division D = {(x, 1)},

U 1=k

(z,I)eD
then D is said to be a division of E. A gauge on E is a function §: E — (0,00).
A partial division D = {(x,1)} is said to be o-fine if for each pair (z,I) in D,
I C B(z,d(x)).
A function f: F — R is said to be Kurzweil-Henstock integrable if there is a real
number A such that given € > 0 there is a gauge § on E such that for any J-fine
division of E we have

(DY sl - 4| <,
where (D) > f(x)|I] denotes the sum over all the pairs (x,7) in D. The number A
is called the integral of f over E and we write

/Ef:A.
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If f is Kurzweil-Henstock integrable on E then f is Kurzweil-Henstock integrable on
any subinterval I of E. Hence, we can define an additive interval function F' by

nn:lf

We call F' the primitive of f. Then F' is an additive interval function in the sense
that for any finite collection {I;: ¢ = 1,...,n} whose union is a subinterval I of F

F<01 Ii> = iF(m.

Note that if we have a primitive interval function F', we can define a point function

we have

corresponding to F', and conversely. Let € E, where x = (x1,x2,...,%y,). If for
some i, x; = a;, set F(z) = 0. In case z; # a; for all 4, set F(z) = F([a,z]).
Then we have a unique point function. Conversely, given a point F' on E, we can
define an interval function as follows: let I = [a, 8], where a = (a1, 0a2,...,am)
and 8 = (b1, 02, .., Bm). Write v = (71,72, -..,7m), where v; = a; or 5; and n(y)
denotes the number of terms for which +; = «;. Define

F(I) =Y (-1)"VF(y),
2l
where the summation is over all the vertices 7. We have a unique interval function F.
Given a primitive point function, we may recover the primitive interval function as
described above. Hence, we may identify them with each other.
The following theorems were proved in [3].

Theorem 2.1. Let f and F' be functions defined on E, where the interval function
corresponding to F' is additive. Then f is Kurzweil-Henstock integrable on E with
primitive F' if and only if given € > 0 there exists a gauge 6 on F such that for any
d-fine partial division D of E we have

(DNT)Y If@)lI] <e and (DNT)Y |F(I)] <e.

Theorem 2.2. Let f and F' be functions defined on E where the interval function
corresponding to F' is additive. Then f is Kurzweil-Henstock integrable on E with
primitive F' if and only if given € > 0 there exists a gauge 6 on F such that for any
d-fine partial division D of E we have

(DNT)Y Il <e and (DNT)Y |F(I)] <e.
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3. CONVERGENCE THEOREMS INVOLVING UNIFORM INTEGRABILITY

Let {f.} be a sequence of Kurzweil-Henstock integrable functions on E with the
corresponding primitives F}, and I'c ,, being as defined above.

Theorem 3.1. Suppose the functions f,, satisfy the Ul; condition. If f,(z) — f(x)
for all x € E, then f is Kurzweil-Henstock integrable on E and

| = jin [ f.

Theorem 3.2. Suppose the functions f,, satisfy the Uly condition. If f,(z) — f(x)
for all x € FE, then f is Kurzweil-Henstock integrable on E and

f= lim fn
E

n— oo

We shall show alternative proofs of Theorem 3.1 and Theorem 3.2 in the succeeding
discussions.

Lemma 3.1. Suppose the functions f, are Kurzweil-Henstock integrable on E
with the corresponding primitives F,, such that f,(x) — f(x) for all x € E. If given
€ > 0 there exists a gauge § on E such that for any é-fine partial division D of E
there exists a positive integer Np such that for n > Np

(DNTep)d fa@)lI| <& and (DNTepn) > |[Fa(D)| <e,

then the following hold:
(i) there exists a function F on E such that F,(x) — F(z) for allz € E,
(ii) the function f is integrable with primitive F' and [, f = nh—>H;<> Iz fo-

Proof. (i) Let € > 0 and = € E, where [a, ] is a nondegenerate interval. We
will show that {F,,(x)} is a Cauchy sequence. Hence it is convergent.

There exists a gauge 0, such that for every d,-fine division D of [a, z] there exists
a positive integer Np for which for n > Np

(DO Tejin) Y If(@IM < £ and  (DNTepen) 3 IFa0)] < .

where k =5+ 2|E]|.
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Let D, be a fixed J,-fine division of [a,z]. We can find M, > Np, such that for
all n,m > M,

£2(6) = Fm(®)] < gy

It follows that for n,m > N,,
[Fa(@) = Fun(@)] = |Fu(lo, 2]) = Fon((a, )|
Fula,2]) = (D) 3 fu 1]
D.) Y SO = (D2) Y S 1|
+|(D2) D Fu )11 = P(la,a))| < =

<

Choose F(z) = nh_)II;O F,(x).

We will now show that f is integrable and F' is its primitive.

(ii) Given £ > 0 there exists a gauge J on E such that if D is a J-fine partial
division of F, there is a positive integer Np such that for n > Np

S
(DA Tepo) Y@< S and (DATea0) S IF(D] < 5.

Since fn(x) — f(z) and Fy(z) — F(x) for all z € E, there exists a positive integer
M, > Np such that for n > M; the inequalities

n(x) — )N < = d Fo( <<

D) fale) ~ f@)T < 5 and (D)) ni<:

hold. Furthermore, there exists a positive integer Ms > M; such that for n > Mo,
DNT:CcDNT/pp.

Then for n > Mo,

(DNT) D If @I < (DNT) Y | f(x) DI+ (DNT) D | fal@)|IT|
L8
2727 ¢
and
(DT S IFM) < (DAT) ST IF() — Fu(D] + (D AT S Bl
CELE_
2727 °¢
The proof is complete. O

Correspondingly, we have the following result for Uls.
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Lemma 3.2. Suppose the functions f, are Kurzweil-Henstock integrable on F
with the corresponding primitives F,, such that f,(z) — f(x) for all x € E. If given
€ > 0 there exists a gauge § on E such that for any J-fine partial division D of E
there exists a positive integer Np such that for n > Np

(DNTep)d || <e and (DNTen) Y |Fu(D)| <e,

then f is Kurzweil-Henstock integrable and [, f = lim [, fn.
n—oo

Theorem 3.1 and Theorem 3.2 follow from Lemma 3.1 and Lemma 3.2, respectively.
We will now show the equivalence that we described in the introduction.

Theorem 3.3. Let {f,} be a sequence of integrable functions on E with the
corresponding primitives F,, and suppose that f, (x) converges for all x € E. Then
the following statements are equivalent:

(1) fn satisfy the Uly condition,
(2) fn satisfy the Uly condition,
(3) fn are equiintegrable.

Given f,, pointwise convergent everywhere to a function f, each of the statements

above implies that f is Kurzweil-Henstock integrable and [, f = nh_{r;o I fn-

Proof. (1) = (2): Suppose the functions f, satisfy the Ul; condition. Given
€ > 0 there exists a gauge § on F independent of n such that for any J-fine partial
division D of E we have

&2

(DNTe2p20) > | fnl) ||I|<— and (DNTep,) Y |Fa(l) |<3

We may assume ¢ < 1. Then I'c ,, C I'2/5,,. Hence, for any d-fine partial division
D of E, we have

(DNTep) Y I <e and (DNTepn) Y |Fu(I)] <e.

(2) = (1): Suppose the functions f,, satisfy the Ul condition. Given ¢ > 0 and
a positive integer i, there exists a gauge ¢; on F independent of n such that for any
0;-fine partial division D; of E we have

(DiNTe,n) Y | <,

where ¢; = ¢/(i2%). Since for every x the sequence {f,(z)} is convergent, {f,,(z)} is
bounded. Let
Xi={z € E: |fo(r)] <i, VneN}
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and put Y7 = X; and fori = 2,3, ...

i—1

Yi= X\ J X
k=1
Define 6(x) = 6;(x) when = € Y;. Let D be a dé-fine partial division of E. Split D
into D;, i =1,2,..., where D, contains those pairs with tags in Y;. For any n and 4

(DiNTe,n) Y | <.

Thus, for any n,

(o)
(DNTe) Y fa@I] <Y i(DiNTep) Y || <e.
i=1

Furthermore, since f,, satisfy the Uly condition, we may choose § appropriately so
that
(DNTep)d [Fa(D)] <e.

Hence f,, satisfy Ul;.

In [3], it was shown that (1) implies (3).

(3) = (1): Suppose the functions f, are equiintegrable. Then for any positive
number e and positive integer 7, there exists a gauge §; on E independent of n such
that for any d;-fine partial division D of F we have

D)) |Fa(1 (@)l < e
where g; = ¢/(i2"T1).
Then for any d;-fine partial division D of E

(DNT.)> |1 < Dml“gl ) F.(D) ()| < ;.

Following the argument we used in the proof that (2) implies (1), there exists
a gauge 6 on F independent of n such that for any d-fine partial division D of E we
have

(DmF6/2n Z|fn ||I|<_
We may assume that € < 1. Then for any d-fine partlal division D and any n we
have (DNT. )Y |I| < ¢ and

(Dﬂrs,n)Z|Fn(I>| <D NTen) Z [Fn(I) = fr(a)|L]]
+ Dmrm > fa(@)|1]
< 5 + 5 =c
The proof is complete. O
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4. THE g-INTEGRAL

To describe the division space we isolate the properties of J-fine divisions that
make integration work. These are properties (i) to (iv) given below. In addition to
these four properties, a fifth property called decomposability (v) has to be added in
order to prove convergence theorems. A decomposable division space consists of three
mathematical objects: a space T, a family Z of intervals I in T', and a collection A
of families of some point-interval pairs (x, ) satisfying certain conditions. A set E
is an elementary set of T if it is a finite union of intervals in Z. We shall agree that
for any elementary set E and any I € Z, E\ I is an elementary set or it is empty.
A division D of E is the family of a finite number of mutually disjoint intervals I with
union E. A subfamily Z; of Z divides F if a division D of F exists with the intervals
of D belonging to Z;. Let U = {(z,I)} € A. Then U divides E if {I: (z,I) € U}
divides E.

The triple (T,Z,.A) is called a decomposable division space if the following condi-
tions are satisfied:

(i) For every elementary set F of T there is U € A dividing E.

(ii) If both Uy, Us € A are dividing F there is Us € A dividing F with U3 C UyNUx.

(iii) If Uy € A divides the union of two disjoint elementary sets E; and Eo then
a family Uy = {(x,I)} C Uy with I C E; belongs to A and divides E;.

(iv) Given disjoint elementary sets E; and FEs, if Uy € A divides Fy with I C E;
for all (x,I) € Uy, and U; € A divides Ep with I C E5 for all (x,1) € Us, then
there is Us € A dividing Ey U Ey with Uz C Uy U Us.

(v) (Decomposability) For all elementary sets K, all sequences U; dividing K, and
all sequences {E,;} of mutually disjoint subsets of E there is Uy € A dividing K
such that

Uo[Ej]CUj[Ej], i=12 ...
where
UX]|={(z,I) eU: z € X}.
Definition 4.1. Let X C E and g: |J U — R. We say that g has a bounded

UcA
Riemann sums on X (BRS(X)) if there exists U € A such that

(D)Z|g(x,[)| < M, for some M > 1

whenever D is a partial division of E from U[X]. The function g(z, I) is said to have
countably bounded Riemann sums on E (CBRS(E)) if

o0
> there exists a sequence of set-number pairs {(X;, M;)} with | X; = E and
=1

1=

1< My <My< Ms...
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> and for every i, there exists U; € A dividing E such that

D)S" gl 1) < M,

whenever D is a partial division of E from U;[X;].

Supposing g(x,I) has countably bounded Riemann sums (using X;, M;,U;) we
denote

Vu(g, Xi,U;) = sup g(z, 1]
( DeU;[X;] Z|

In what follows, let g: |J U — R have countably bounded Riemann sums on E
UcA
(using X;, M;, U;).

Definition 4.2. A function h: |J U — R is said to be g-integrable with prim-
UcA
itive H if for every positive integer 4, for every € > 0 there exists U7 € A dividing £

with UF[X;] C U;[X;] such that

D) 3 bl 1) = H(D| < eVinlg; X, Uy)
zeX;

for all partial divisions D of E from U; .

The family Uf in Definition 4.2 is a function of . That is, the inequality stated in
the definition holds when the sum is taken over all x € X; using U; but may not hold
when the sum is taken over all x € X, j # 7. However, there is a family U® which
is uniform with respect to i. That is, inequality in Definition 4.2 holds regardless
of, where the sum is being taken over. This is what the next theorem says. The
advantage of saying Definition 4.2 with U; instead of U* is in the proof of the double
Lusin formulation (Theorem 4.3) where Uf is more quickly obtained than U®.

Theorem 4.1. If h(x,I) is g-integrable on E with primitive H then for every
e > 0 there exists U¢ € A dividing E with U®[X;] C U;[X;] for each i, such that for
each 1,

D) Y |h(x, 1) = H(I)| < Vi (g; X, Us)
x€Y;

for all partial divisions D of E from U*.

Proof. Let Y7 = X;. Fori > 1, let

i—1
v, =X\ |JX;.

Jj=1
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The sets Y; are pairwise disjoint. In Definition 4.1, we can actually let the se-
quence {X;} to be nondecreasing and

UlXi—1]) = Ui—1[Xi—4]

so that for all i,
Vi (g5 Xi, Usi) = Vi (g; Xi—1, Ui—1).
By Definition 4.2, for every i € N, for every € > 0 there exists U7 € A dividing £
with UF[X;] C U;[X;] such that

(D) 3~ Ihw, 1) = H(D| < 5V (gi X, Uy)

reX;

for all partial divisions D in U;. By the decomposability property, we can choose
U¢ € A dividing F such that
Uy € Uy,

Then for each i € N,

(D) > [ha, 1) =H(ID)| = Y (D) Y |h(z, I) = H(D)|
zeX, k=1 €Y}
<> Q%VH(Q;XmUk)
k=1

‘e
< V(g Xi, Ui) > or < Vu(g; Xi, Ui)
k=1

for all partial divisions D in U¢. The proof is complete. O
The next theorem says that Definition 4.2 is just a special case of the generalized
Riemann integral defined in ([5], page 165).
Theorem 4.2. If h(x,I) is g-integrable with primitive H then h(x,I) is general-
ized Riemann integrable and the two integrals coincide.

Proof. Let Y; be as in the proof of the preceding theorem.
By Definition 4.2, for every positive integer 4, for every € > 0 there exists U7 € A
dividing F with UZ[X;] C U;[X;] such that,

3
(D) Z |h(z,I) — H(I)| < WVH(Q;Xi,Ui)
zeX; ‘
for all partial divisions D of E from U7. By the decomposability property, we can
choose U*¢ € A dividing E such that U¢[Y;] C UF[Y;].
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Then for all divisions D of FE from U¢, we have

(D)D_|h(z, I) = H(T)| = D (D) > |h(x, T) = H(I)|
i=1 z€Y;

L)
9
< Z ZiMi VH(g;Xi, Ui) < e.
=1

This is precisely the definition of the generalized Riemann integral. O

Definition 4.3. We say that a function h(z, I) satisfies the ag-condition on E
if for every = € F there is a minimum number a(z) € Z* such that for any (x,I) in
the division space we have

Az, D] < afz)lg(z, T)].
Given functions H and h(z,I), and U € A, we denote
Ie={(z,I) e U: [H(I) — h(x,I)| = elg(z, T)[}.
We are now ready to present the double Lusin formulation for the g-integral.

Theorem 4.3. Let h: |J U — R satisfy the ag-condition and H: Z(E) — R.
UeA
Then h(x,I) is g-integrable on E with primitive H if and only if for every i, for every

€ > 0 there exists U € A with Uf[X;] C U;[X;] such that

(DNT) Y |h(2, 1) < eValg; Xi, Us)
reX;

and

(DNT2) Y H(D| < eVilg; Xi, Us)
rzeX;

for all partial divisions D of E from Uy .
Proof. (=) Suppose h(z,I) is g-integrable with primitive H. Let
Ey,={z € E: alx) =k}.

Given 0 < € < 1 and a positive integer i, for every k there exists Uf’k e A
dividing E with US*[X,] € U;[X;] such that

2
5
(D) 3 (1) = M) < ey Via (93 X, Us)
reX;

for all partial divisions D of E from U; o,
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By decomposability, there exists U7 € A dividing E with
U; [Ex) € UM ().

Then for all partial divisions D of E from U;, we have
(o)
(DNTo) Y (2, D) < > (DNTe) > klg(z, 1)
r€X; k=1 € X;NEy,
< Z (DNT) Y iz, 1)~ H(T)]
x€X;NEy

Z k2k+1 gle;U)

< €VH (g, Xi, Uz)

8
o | 7=

and
(DNTo) Y HI)| < (DNTe) > [H(I) = h(z, )|+ (DNTe) > |h(x, )|
zeX; x€EX; rzeEX;

€ €
< EVH(%X% Ui) + EVH(%X% Ui) = eVu(g; Xi, Us).
(«=) For the converse, given i, for every € > 0 choose U such that

£
(DNTey) Y |h(e, D] < gVH(Q;Xi,Ui)
zeX;

and
€
(DNTeys) Y [H(D)] < gVH(g§Xian)

z€X;
for all partial divisions D of E from U;. Then for a partial division D of E from U;

we have
D) > |h(a, 1) = HI)| < (DNTe) Y |h(z, D)+ (DNT) Y [H()
xeX; rzeX; rxeX;
+(D\Te) > |h(x, 1) — H(I)|
reX;
€ €
< gVH(QQXian) + gVH(Q;Xi,Ui)
€
+(D\T) Y Slgta D)
zeX;
< eVy (g; Xi, Uz)
The proof is complete. O
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We now present a generalization of Theorem 3.1 to the decomposable division

space.

Theorem 4.4. Let {h,(x,I)} be a sequence of g-integrable functions satisfying
the ag-condition with the corresponding primitives H,,. If the following conditions

are satisfied:

(1) hp(x,I) = h(z,I) for all (x, ) in the division space, where h(z,I): |J U — R,
UeA
(2) for every i, for every € > 0 there exists Uf € A independent of n with UF[X;] C

Ui[X;] such that for any partial division D of E in UF[X;] we have
(DNTen) Z \ho(2, )| < eV (g: Xi, Us)

and
(DNTep) Z [ Hn(1)| < eVi(g; Xi, Us).

Then the following statements hold:
(i) there exists function H such that H,(I) — H(I) for all I € Z(E),
(if) h(z,I) is g-integrable with

Proof. Let Iy € Z, U € A dividing Iy and D a division of Iy. By the triangle

inequality
(D) D [H(]) = Ha(D)] < (D) D [Hin(1) = hun(, 1))
+ (D) b (@, 1) = ho (2, 1)

In view of condition (2), the fact that h,(x,I) converges for all (z,I), and the
inequality above it follows that {#,,(I)} is Cauchy and hence convergent. We let H (1)
be its limit.

Consider X;. Let X; = X and ¢ > 0. In view of condition (2), there exists

U¢/? € Aindependent of n with U/2[X] C U[X] such that for any partial division D
of E in U%/?[X] we have

€
(Dmrs/Q,n)Z|hn(xaI)| < §VH(g;Xa U)

and
3
(DNTepan) Y [Ha(D)| < 5 Vi (9: X,U).
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Let D be any partial division of E' in V¢[X]. By condition (3) there exists a positive
integer V7 such that for any n > N; we have

[H(D) = Ha(D)| < Slg(a. DI ¥ (@,1) € D,

From condition (1), given the same there exists a positive integer No > Ny such
that for any n > N we have

|m@n—m@Jn<;¢@m V(z,I) € D

Finally, in view of conditions (1) and (3) there exists a positive integer Np > Nj
such that for n > Np we have

DNT.CDNT./g.

Then for n > Np,

(DNT) Y | 1) < (DAT) Y Ih(a, 1) = haa, Dl + (D OT) Y |hn(a, D)
<S(DNT) Y lgla, 1)+ 5Vir(g: X, U)
< eVu(g; X,U)

and

(DNTe) Y DI < (DNTe) Y IHI) = HalD)] +(DNTe) Y [Ha(D))]

e e
< §(D0FE)Z l9(z, D) + 5V (g: X, U)
<eVu(g; X, U).

Therefore h(z,I) is g-integrable and H(I) is its primitive. O

The double Lusin condition that is used to characterize the Kurzweil-Henstock
integral uses point-interval pairs (x, I) such that x is contained in I. It can be shown
that the McShane integral has a similar double Lusin characterization with tags x
floating around I (see [2]). The approximate Perron (AP) integral was given in [5].
A double Lusin characterization of AP integral can also be given. The Henstock-
Stieltjes integral was given in [1] with a function g of bounded variation (BV). In
our characterization of the g-integral it is possible for g to be BV G*, where V BG*
is defined as follows: Given a subset X of E, an interval function g on F is said
to be BV*(X) if there exists a nonnegative number M such that for any X-tagged

partial division D of E we have (D) > |g(I)| < M and gis BVG*on Eif E = |J X;
i=1
such that for each i, g is BV*(X;). It remains to be explored what happens when ¢

is BVG*.
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